CONFIGURATION SPACES OF TORI 
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Abstract. The configuration spaces C"{J^) = {Q c | #Q = n} and 
£-"(T2) = {{qi,...,q„) e (T2)" | q, ^ qj Vi ^ j} of a torus = C/{a lattice} 
are complex manifolds. We prove that for n > 4 any holomorphic self-map 
F of C"(T^) either carries the whole of C"{T2) into an orbit of the diag- 
onal Aut(T2) action in C"{T^) or is of the form F(Q) = T{Q)Q, where 
T: C"(T2) ^ Aut(T2) is a holomorphic map. We also prove that for n > 4 
any endomorphism of the torus braid group B„{T^) = 7ri(C"(T^)) with a non- 
abelian image preserves the pure torus braid group PB„(T2) = 7ri(£:"(T2)). 
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1. Introduction 

In this paper we study certain properties of the torus configuration spaces and torus 
braid groups. 

1.1. Configuration spaces. The n"^ configuration space C" ~ C"(X) of a com- 
plex space X consists of all n point subsets ("configurations") Q = {qi, qn} C X. 
An automorphism T G Aut X gives rise to the holomorphic endomorphism Ft of 
C" defined by FriQ) ^ TQ = {Tqi, ...,Tq,,}. If Aut AT is a complex Lie group, 
one may take T — T{Q) depending analytically on a configuration Q G X and 
define the corresponding holomorphic endomorphism Ft by Ft{Q) = T{Q)Q. 
Such a map Ft is called tame. On the other hand, choosing a base configura- 
tion Q*^ = {gj, ■■■,qn} C X, one may define an endomorphism Ft^qo, Ft.qo{Q) — 
T{Q)Q^ = {T(Q)9i, which certainly maps the whole configuration 

space into one orbit (Aut X)Q'^ of the diagonal Aut X action in C"; endomor- 
phisms that have the latter property are said to be orbit-like. 

Of course, configuration spaces of a certain specific space X may admit "sporadic" 
holomorphic endomorphisms, which are neither tame nor orbit-like; but it is not to 
be expected that there is a general construction of such endomorphisms. 

Let us restrict ourselves to the simplest interesting case when A is a non-hyperbolic 
Riemann surface^, i.e. one of the following curves: complex projective line CP^; 
complex affine line C; complex affine line with one puncture C* = C \ {0}; a torus 
T2 = C/{a lattice of rank 2}. 

V. Lin (see [DEI El, etc.) proved that for n > 4 and A = C or A = CP^ every 
holomorphic endomorphism F of C"(A) is either tame or orbit-like. Moreover, F 
is tame if and only if it is non-abelian, meaning that the image F*(7ri(C"(A))) of 
the induced endomorphism i^* of the fundamental group 7ri(C"(A)) (which is the 
braid group i?„(A) of A) is a non-abelian group; otherwise F is orbit-like. Similar 
results were obtained by V. Zinde (see HIHEICIIH]) for A = C*. 

In this paper, we complete the story for all non-hyperbolic Riemann surfaces; one 
of our main results is as follows. 

Theorem 1.1. For n > 4, eacii holomorphic map F: C"(T2) C"(T2) is either 
tame or orbit-hke. In particular, any automorphism of C"(T'^) is tame. 

Moreover, F is tame if and only if the induced endomorphism F^, of the funda- 
mental group 7ri(C"(T^)) is non-abelian, i.e. its image i^*(7ri(C"(T^))) is a non- 
abelian group. 

This theorem has two immediate corollaries. The first shows that non-abelian holo- 
morphic endomorphisms of ^^(T^) admit a simple classification up to a holomorphic 
homotopy.^ 

Corollary 1.2. For n > A, the set HiC^ {T'^) , {T'^)) of all holomorphic homo- 
topy classes of non-abelian holomorphic endomorphisms of C"(T^) is in a natural 
one-to-one correspondence with the set 7i(C"(T^), Aut T^) of all holomorphic ho- 
motopy classes of holomorphic maps C"(T^) Aut T^. 



The automorphism group of a hyperbohc Riemann surface X is discrete; in fact, a "generic" 
hyperbolic Riemann surface does not admit a non-identical automorphism. 
■^That is, a homotopy within the space of holomorphic mappings. 
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Corollary 1.3. Let n > 4 and G = Aut C"(T^) . Then the orbits of the natural 
G-action in C"(T^) coincide with the orbits of the diagonal (Aut T^)-action in 
C"(T2). 

Our second main theorem deals with the torus braid group i3„(T-^) = 7ri(C"(T^)) 
and its pure braid subgroup P„(T'^), which is the fundamental group of the ordered 
configuration space 

£-"(T2) = {q= (gi, ...,g„) £ (T^)" | q, ^ q, V* ^ j} . 

Theorem 1.4. a) Let n > 4. Then the pure braid group P„(T^) C S„(T^) is 
invariant under any non-abelian endomorphism ip of the whole braid group -B„(T^), 
that is, ifiiPniT^)) QPn{r^)- 

b) Let n > 4 and n > m. Then any homomorphisni tp: i3„(T^) i3,„(T^) is 
abelian, i.e. tp{Bn{T'^)) is an abelian group. 

For automorphisms of the classical Artin braid group i3„(C), an analogue of part (a) 
was proved by Artin himself in 1947 (see V. Lin |1U[E1 [T1..12. .3, generalized this 
result of Artin to non-abelian endomorphisms of Bn{C) and i3„(CP^), respectively; 
the case of i3„(C*) was handled by V. Zinde [3 El- In 1992, N. Ivanov IT proved 
a similar result for automorphisms of the braid group Bn{X) of any finite type 
Riemann surface but for X = CP . Theorem II. 4f al completes the story for non- 
hyperbolic curves. Analogues of statement (6) were known for the braid groups 
Br^{C), B„(CP^) and B„(C*) (see papers by V. Lin and V. Zinde quoted above) 

1.2. Plan of the proof of Theorem 11.11 First, due to Theorem ll.4r o). every 
continuous non-abelian self-map F fits into a commutative diagram 

£:»(t2) — £"(T2) 
p[ \p (1.1) 

C"(T2) — ^ C"(T2), 

where p is the natural projection 

£"(T2) 3q = {qu qn) - {qi, Qn} = Q G C" (T^) . (1.2) 

The map / is strictly equivariant with respect to the standard action of the sym- 
metric group S(n) in ^"(T^), meaning that there is an automorphism a of S(n) 
such that 

F{aq) = a{a)F{q) for all q G f "(T^) and cr G S{n) . 
Moreover, / is non-constant and holomorphic whenever F is so. 

A torus = C/{a lattice of rank 2} which we deal with is an additive complex Lie 
group. To study non-constant strictly equivariant holomorphic endomorphisms / 
of the space = £"'{T'^), we start with an explicit description of all non-constant 
holomorphic maps A: ^ \ {0}. The set L of all such maps is finite and 
separates points of a certain submanifold M C £" of complex codimension 1. An 
endomorphism / induces a self-map /* of L via f*:L3Xi-^f*\ = Xof^L. 

The map /* carries important information about /. In order to investigate 
behaviour of /* and then recover this information, we endow L with the following 
simplicial structure: a subset A" = {Ao,...,As} C L is said to be an s-simplex 
whenever Aj — A^- € L for all distinct The action of S(n) in £" induces a 

simplicial S(n)-action in the complex L; the orbits of this action may be exhibited 
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explicitly. On the other hand, the map f*:L—fL defined above is simplicial and 
preserves dimension of simplices; since / is equivariant, /* is nicely related to the 
S(n) action on L. 

Studying all these things together, we eventually come to the conclusion that / 
is tame, meaning that there exists an S(?t.) invariant holomorphic map 

i: £:"(T2) ^ Aut (1.3) 

and a permutation a G S(n) such that 

/(?) = (T<(g)g = y g = (qu ...,qn) e . (1.4) 

The latter formula implies that the original endomorphism F is tame. 

For the complete proofs, see Section [21 (the proof of Theorem II .41 and some related 
algebraic results). Section |3| (a simplicial complex of holomorphic maps f"(T^) 
\ {0}) and Section H (the proof of Theorem Ol) • 

1.3. Notation and definitions. For the reader's convenience, we collected here 
the main notation and definitions used throughout the paper. 

Definition 1.5. The ordered and non-ordered configuration spaces of a torus 
are defined as follows: 

C"(T2) = {Q C T2 I #Q = n} . 

The projection 

p: £"(T2) C"(T2) , p{q) = p(9i, ...,g„) = {gi, ...,g„} = Q , 

is an S(n) Galois covering and we have the exact sequence of the corresponding 
fundamental groups 

1 -> ^i(£"(T2)) ^ 7ri(C"(T2)) ^ S(n) -> 1 . (1.5) 

The fundamental group 7ri(C"(T^)) is called the torus braid group and is denoted 
by i3„(T^). Its normal subgroup P„(T2) = 7ri(£"(T2)) is called the pure torus 
braid group. 

Definition 1.6. A group homomorphism ip: G H is said to be abelian if its 
image </'(G) is an abelian subgroup of H. A continuous map F : X oi arcwise- 
connected spaces is called abelian if the induced homomorphism F^: 'iti[X) — > 
TTi [Y] of the fundamental groups is abelian. 

For a complex space X, we denote by Aut X the group of all biholomorphic auto- 
morphisms of X . For algebraic X, Aut^eg X stands for the group of all biregular 
automorphisms . 

The group Aut T'^ = Aut ^eg is a compact complex Lie group isomorphic 
to a semidirect product X Z^; here A: = 2 if the torus has no complex 
multiplications; otherwise, either A: = 4 or A: = 6. 

Definition 1.7. A holomorphic endomorphism F of C"(T^) is said to be tame if 
there is a holomorphic map T: C"(T2) Aut such that F(Q) = T{Q)Q for all 
Q e C"(t2). 
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Definition 1.8. A holomorphic map F: C"(T^) C"(T^) is said to be orbit-like 
if its image F(C"(T^)) is contained in one orbit of the diagonal Aut action in 
C"(T2)). 

2. Some algebraic properties of torus braid groups 

The main aim of this section is to prove Theorem ll.4l To this end, we first need to 
prove some auxihary results, which also seem to be of independent interest. 

2.1. Zariski presentation and homomorphism Bn i?n(T^). We will use the 
following presentation of the torus braid group i3„(T^) found by O. Zariski 



Generators: 

(Ti, . . . , (T„_i ; ai, 02 ; (2.1) 

relations: 

a^aj = a-jai for |i - j| > 2 , i, j = 1, . . . , rt - 3 ; (2.2) 

o-jCTi+iCTi = (Tj+i(TiCTi+i for i = 1, . . . , n - 2 ; (2.3) 

(TiOfc — Okii for fc = 1, 2 and i = 2, . . . , 7i — 1 ; (2-4) 

{^i^at^f = (afcaf 1)2 for fc = 1, 2 ; (2.5) 

(Ti . . . (T„_2CT^„icr,i-2 . . . CTi = aia2^a'^^a2 ; (2.6) 

a2<7i^ <7ia2^ cr^^ aiai = a\ . (2-7) 

2.2. Normal series in the torus pure braid groups P„(T2). The exact homo- 
topy sequence (|1.5|l of the covering p: ^"(T^) C"(T2) may be written as 

1 ^ P„(T2) ^ i3„(T2) ^ S(n) ^ 1 , (2.8) 
where the epimorphism /i is defined by 

/i((Ti) = (i, i + 1) for i = 1, n — 1 and /i(ai) = /i(a2) = 1 . (2-9) 



Let us take a point (ci, ...,c„) G ^"(T^) and for each m — 1, ...,7i — 1 consider the 
ordered configuration space £"-'"(']r2 y |^^^ ...,Cm}) of the torus T-^ punctured at 
m points ci, Cm] a point q G £;"~'"(t2 \ {^j^, ...^ c,„}) has n — m pairwise distinct 
components qm+i, ■■■,q_n G \ {ci, Cm}- Each of these configuration spaces is an 
Eilenberg-MacLane K{'k, 1) space for its fundamental group tt (see E. Fadell and 
L. Neuwirth |lf)| . Corollary 2.2), which is the pure braid group (on n — m strands) 
Pn-m:m of the puncturcd torus \ {ci, c,„}. The projections 

ii: f"(T2) ^T2, (qi,...,g„) ^qi, (2.10) 

Wi : f "-™(T2 \ {ci, c™}) ^ T2 \ {ci, c„} , 

(gm+i, ...,g„) i-^ (7,„+i , l<m<n-2, 

define locally trivial, smooth fibrings"* with fibres isomorphic to f"^i(T2\{ci}) and 
i?"~™~1(T2\{ci, Cm+i}), respectively. The final segments of the exact homotopy 
sequences of these fibrings look, respectively, as 

1-^F„_1;1-.P„(T2)^Z2^1 

■^Another presentation was found by J. Birman 1151 . 
■^See for the case of arbitrary Riemann surfaces. 



6 



Y. FELER 



and 

1 ^ -^/i — m— l;m+l 

where stands for a free group of rank m. This leads immediately to the following 
statement, which is an analogue of a well-known Markov theorem for Artin pure 
braid groups, proved in jljj. 

Proposition 2.1. The subgroups Pn-s-s Gt into the normal series: 

{1} C Pl-n-l C • • • C P„ — m — l;m+l —m\m 

with the factors 

Pi.„_i/{1} = Pun-i = 7ri(T2 \ {ai, a„_i}) = F„_i , ... , 

-^71— m;m/^n—m — 1:771+1 — -^m 7 ■■■ 7 (2.12) 
Pn-l;l/Pn-2;2 = F2 , P„(T")/P„_ia = . 

In particular, any non-trivial subgroup H C P„(T^) admits a non-trivial homomor- 
phism to Z. 

The last sentence of the proposition implies: 

Proposition 2.2. A group G with Enite abelianization G/G' — G/[G,G] has no 
non-trivial homomorphisms to the pure torus braid group P„(T^). 

Recall that the Artin braid group i?„ = 7ri(C"(C)) has generators Ui, ...,(t„_i and 
the system of defining relations H2.2|l , (|2.3|) . Thus, we have a natural homomorphism 
i : Bn — > i?„(T^) sending all generators cr's of P„ to the elements of the same name 
in i3„(T^) (according to N. Ivanov * is injective; however, we will not use this 
fact) . 

Lemma 2.3. Let n > A and let ip: _B„(T^) _B„i(T^) be a homomorphism such 
that the composition 

<P ^ HO(poi: Bn ^ B„{T^) P™(t2) S(m) (2.13) 

is an abelian homomorphism. Then ip is abelian. In particular, ip is abelian. 
whenever fi o ip is so. 

Proof. Let ^' : B'^ S(m) denote the restriction of ^ to the commutator subgroup 
B'n of the group P„. Since is abelian, is trivial and hence p{i{B',^)) C Ker/i — 
Pm(T^). By Gorin-Lin Theorem TK*, for n > 4 the group P^ is perfect^, and 
Proposition 12.21 shows that i^(i(P^)) = 1. Hence p o i is abelian, and relations 
CTfccrfc+iCTfc = o-fc+io-fcO-fc+i imply (/j(«(cri)) = ... = (p(i(cr„-i)). By definition, i sends 
the generators ci, ...,(7„_i of P„ into the corresponding generators ai, ...,cr„_i of 
P„(T^); thus, the latter ones satisfy 

p{ai) = ... ^ p{(7n-i) . (2.14) 

Together with H2.4() this shows that 

p{ak)p{aj) = v3(CTj)(p(afc) for aU j, k . (2-15) 

By and 

(^(ai))2("-i) = ^(ai)^(a2)-V(ai)"V(«2) , (2.16) 



^That is, -B^ coincides with its commutator subgroup B'^ = [B'„,B'„] 
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and by l|TT5|l and lfT7|l . 

<^(a2)(y5(ai)~V(a2)~V(ai) = vi'^i)'^ ■ 
Relations (l??TK|l and itTTTjl imply 

.^((Ti)^ = <p(a2)"V(ai)'^(a2)'^(ai)"^ • 
Multiplying lfTTH|l and we obtain 



(2.17) 



(2.18) 



However, by E. Fadell and L. Ncuwirth 16 , Theorem 8, the torus braid group 
i3m(T^) has no elements of a finite order, this implies (/^(cri) = 1. Thus 

Lp{a2)~^^p{ai)(p{a2)ip{aiy^ = 1, 



2.3. Proof of Theorem II. 41 Let n > 4 and let iphe a. non-abelian endomorphism 
of i?„(T^). By Lemma the homomorphism = fioipoi: _B„ S(n) in (|2.13|) is 
non-abelian. Thus, by V. Lin's theorem (see Section 4; a complete proof may be 
found in fE1^2EI)j ^ coincides with the standard epimorphism i?„ S(n) up to 
an automorphism of S(n). It follows that the homomorphism ^oip: _B„(T^) — > S(n) 
is surjective. N. Ivanov (see |13| . Theorem 1) proved that for n > 4, any non- 
abelian homomorphism i?„(T^) — » S(n) whose image is a primitive permutation 
group on n letters coincides with the standard epimorphism /i: _B„(T^) S(n) up 
to an automorphism of S(n). Thus, Ker(/i o (p) = P„(T^) = Ker/i, which implies 
(/9(P„(T^)) C Ker/i = P„(T^) thus proving part (a) of the theorem.^ 

To prove part (6), we use another Lin's theorem (see quotations above), which 
says that for n > max(m,4) any homomorphism i?„ S{m) is abelian; it follows 
that the homomorphism <P = ip oi: i?„ — > S(to) in (|2.13() is abelian. By Lemma 
12.31 ip is abelian. □ 

We skip the proofs of the next two results, which will not be used in what follows. 

Theorem 2.4. For n > 5, the abelianization B'^(T^)/[B'^(T^), B'^{T^)] of the 
commutator subgroup B'^{T^) of the torus braid group i3„(T^) is isomorphic to 
Zin = Z/nZi. 

Theorem 2.5. Let 3 < m < n, < 4 and let (p: i?„(T^) BmO^"^) be a non-abeUan 
homomorphism such that /i o is non-abehan. Then (p{Pn{T'^)) Q Pm(T^)- 



Here we establish some analytic properties of ordered configuration spaces. 

3.1. A Cartesian product structure in f "(T^). The torus acts in f"(T^) 
by translations: q ~ (gi,.. .,<?„) ^ {qi ...,(?„ +t), i G T^. Any orbit of this 
action is isomorphic to and intersects the submanifold 



and if is an abelian homomorphism. 



□ 



3. Ordered configuration spaces 



Mq ^ {q = {qi,...,qn-i, 



0) e£:"(T2)}^f"-i(T2\{0}) 



^In fact, we proved a slightly stronger property ip ^ (PnC^^)) = fn(T^)- 
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at a single point. This gives the Cartesian decomposition £^"(T^) = x A/q, 
defined by the following maps 

f "(T^) 3 (gi, g„) ^ (g„, (qi - 9„_i - q.^, 0)) G x Mq , 

X Mo 3 (i, (gi, g„-i, 0)) ^ (gi + t, <7„_i + t, i) e ^"(T^) . 

It is easily seen that Mq is a non-singular irreducible affine algebraic variety; in 
particular, it is a Stein manifold, whereas £"(T^) is not so. 

3.2. Holomorphic mappings f "(T^) ^ T'^ \ {0}. We continue to execute our 
plan sketched in Section H"^ with the following 

Theorem 3.1. Any non-constant holomorphic map f : £"(T^) ^ \ {0} is of the 
form 

f{qi,q2, . . . , g„) = m{q^ - q-j) with some i 7^ j , 
where m: ^ is either the identity or a complex multiplicationJ 

Notation 3.2. We denote by 9Jl the finite cyclic group of automorphisms of 
consisting of itidentity and all complex multiplications in (if they exist). 9Jl is 
isomorphic either to Z2 or to Z4 or to Zg. Let 971+ consists of all m £ 971 with 
< Argm < TT (i.e. 971+ contains 1, 2 or 3 elements). 

To prove the theorem we need some preparation. The proof of the following well- 
known statement is due to H. Huber ^19j. §6, Satz 2; it may also be found in Sh. 
Kobayashi's book [20], Chapter VI, Sec. 2, remarks after Corollary 2.6. 

Claim A. Let M and N he compact Riemann surfaces and A C M and B C N be 
finite sets. Suppose that the domain N\B is hyperbolic, meaning that its universal 
covering is isomorphic to the unit disc. Then any holomorphic map AI\A — > N\B 
extends to a holomorphic map M N. 

The following facts are also very well known. 

Claim B. Any non-constant holomorphic self-map /x: ^ is regular, has no 
critical points and hence is an unbranched covering of some finite degree k. If 

= then /z is aiso a regular endomorphism of the compact algebraic group 
and its kernel Ker /x is a subgroup of order k. Every holomorphic self-map of is of 
the form q i—>- ^ fcmm(g — a), and any automorphism is of the form q >—>■ m{q — a), 

meOT 

where m G 971, km £ Z, and a G . 

Explanation. The graph = {{p,q) G x | g = m(p)} of M is an analytic 
subset of the projective variety x T^. By general Chow's theorem (see |23 
or 122], Chapter V, Theorem D7), is a (non-singular) projective variety. Of 
course, the projections a : G^ 9 (p, g) p G and /3: G^ 9 (p, q) 1-^ g G are 
regular. Hence, the inverse map a^^ : 3 p ^ (p, n{p)) G G^ is regular, and the 
composition fi — (3 o q"^ is regular, as well. 

To see that (x has no critical points, suppose to the contrary that the set of all 
critical values C contains m > 1 points. The restriction of jj, to the complement 
of fi^^{C) defines an unbranched covering \ /i^^(G) ^ \ G of some finite 

^Of course, the latter may happen only if our torus admits such a multiplication (by a complex 
multiplication we mean an automorphism of the torus T*^ induced by multiplication on the complex 
line by a complex number ^1,-1). 
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degree k. The Riemann-Hurwitz formula for Euler characteristics states that x(T^\ 
//-1(C)) = A:x(T2\C), i.e. #(/i-i(C)) = km. Since #(/i-i(c)) < k-1 for all c e C, 
we have km = ^{fj,~^{C')) < {k — 1)to, which is impossible. 
Assuming that ^(0) = 0, define a map : x T'^ ^ T-^ by 

j^(p, q) = m(p + - - fJ-il) ■ 
Any loop in x can be deformed to the subset (T^ x {0}) U ({0} x T^), where 
J/ = 0. Thus, v induces the trivial homomorphism of the fundamental groups and 
lifts to a holomorphic map : x ^ C, which, by the maximum principle, 
must be constant. It follows that = const = and /i is a holomorphic group 
endomorphism of T^. (Another argument may be found in 23 , Chapter 3, Section 
3.1.) 

The general form of automorphisms and endomorphisms of may be found in 
|24| . Chapter V, Section V.4.7, and Chapter 1, Section 5, respectively. 

□ 

Lemma 3.3. For any a, 6 e every non-constant holomorphic map A : T'^ \ {a} 
\ {6} extends to a biregular automorphism of sending a to b. 

Proof. By Claims A and B, A extends to an unbranched holomorphic covering map 
A: T'^ ^ of some finite degree k. Clearly X^^{a) — {b}; hence, k = 1 and A is 
an automorphism. □ 

Definition 3.4. A configuration a = (ai, a,„) £ f ™(T^) is said to be exceptional 
if there exist i ^ j and a non-constant holomorphic self-map A : ^ such that 
A(aj) = \{aj) and X^'^{X{ai)) C {oi, a,„}. 

Lemma 3.5. a) The set A of all exceptional configurations a = (ai,...,a„j) £ 
f ™(T^) is contained in a subvariety M C £'™(T^) of codimension 1. 

b) For any non-exceptional configuration (ai, a„i) S £™(T^), every non-cons- 
tant holomorphic map A: \ {oi, a,„} ^ \ {0} extends to a biregular auto- 
morphism of T^, sending a certain a.i to 0. 

Proof, a) Let N denote the union of all finite subgroups of order < m in ; this 
set is finite. Set M = {(ai, a™) G 5™(T^)| Oj — a-i £ N for some i ^ j}; then M 
is a subvariety in £™(T^) of codimension 1. We shall show that A C M. 

Let a = (ai,...,am) G A and let and A be as in Definition 13.41 Set 
fj,{t) = X{t + Oi) — X(ai), t S T^. Then //(O) = and, by Claim B, /i is a group 
homomorphism with finite kernel #Ker/i. If < G Ker/i, then X{t + Oi) = A(aj), 
t -\- Gi e X^^{X{ai)) C {ai,...,a„i} and t e {ai — a^, 0, a,„ — Ui}; that 
is, Ker // C [ai — a^, 0, a„i — Oj}. In particular, #Ker/i < m and hence 
Ker/i C A^. Since /f(aj — Oi) = 0, we have Oj — G A and a G Af. 

6) Let a = (ai, Om) ^ A. By Claims A and B, any non-constant holomorphic 
map A: \ {ai, ...,a„i} — > \ {0} extends to a finite unbranched holomorphic 
covering map A: T^. Clearly X'^iO) C {ai, Um}; in particular, X{a,) = 

for a certain i. Since a ^ A, we have X{aj) ^ for all j i; this means that 
A-i(O) = {aj and degA = 1. □ 

Proof of Theorem First, we notice that any holomorphic map ^ \ {0} 
is constant, since it lifts to a holomorphic map C ^ B' = {C G C | |C| < 1} of the 
universal coverings, which is constant due to Liouville's theorem. 
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The proof of the theorem is by induction on n, starting with n = 2. For a G T^, 
denote by \a = A(-,a) the restriction of A to the fibre p^^{a) = \ {a} of the 
projection p: £'^{T'^) 3 (gi, 92) i-^ 92 e T^. 

The set 5 = {a £ | Aa is a constant map} is finite. Because, otherwise, by 
the uniqueness theorem, Aa — const for all a G T'^, A = X{qi,q2) does not depend 
on qi and may be considered as a holomorphic map ^ \ {0}, which must be 
constant; however, this implies A = const, contradicting our assumption. 

By Lemma 13.31 for any a ^ S the map Aa : \ {a} ^ \ {0} extends to 
a biholomorphic automorphism of sending a to 0. This means that Aa is of 
the form Aa(^) ~ m{t — a), with some m = rUa G Thus, for all (91,92) in the 
connected, everywhere dense set £^(T^) \p^^{S) we have 

A(9i,92) = m(9i - 92) (3.1) 

with a certain m = rUg^ G 2^. Since Tl is finite, the element m = niq^ £ 9Jl on the 
right hand side of (|3.1(l cannot depend on 52 and the latter formula holds true for 
the whole of f ^(T^), which completes the proof for n = 2. 

Assume that the theorem is already proved for some n = m — 1 > 2. For a — 
(02, ...,ara) G £"'^^(T^), denote by Aa = A(-,a2, . . . ,«„) the restriction of A to the 
fibre p^^{a) = \ {02,. of the projection p: ^'"(T^) 3 (gi, 172, 9m) ^ 
(92,...,9m) e^"-HT2)- 

It is clear that S {a G i?™^^(T^) | Aa is a constant map} is an analytic subset 
of ^"'-^(T^), and either (i) S = ^"'-^(T^) or (m) dime S < m ~ 2. 

In case (i), A = A(9i, qm) does not depend on qi and may be considered as a 
holomorphic map £''"~^(T^) ^ \ {0}; by the induction hypothesis, A is of the 
desired form. 

Let us consider case (ii). By Lemma [3. 5f a), the set A of all exceptional config- 
urations is contained in a subvariety M C f™~^(T^) of dimension m — 2. Let 
a G f™-i(T2) \{S U M). Then Aa : \ {a2,...,a,„} is a non-constant map. 
By Lemma [3.5r 6'). Aa extends to a biholomorphic map Aa : ^ T^. Therefore, 
\a(t) = m{t — Qi), with some m = tria G 9Jl and i — ia- Thus, for all (qi, g,„) in 
the connected, everywhere dense set f™(T^) \ p^^{S U M) we have 

A(9i, ...,9,„) = m(9i - 9O (3.2) 

with certain m = rrig G 971 and i — iq. Since 971 is finite, m and i do not depend 
on q, and 1)3. 2|l holds true on the whole of f™(T'^), which completes the step of 
induction thus proving the theorem. □ 

Definition 3.6. For any m G 971+ and i ^ j G {1, . . . , n}, the map 

e.;,,:f"(T2)^T2\{0}, 

em-A.j{q) = m(9., - qj) for q = (qi, ...,g„) G £'"{T^) , 

is called a difference. For a difference fi = em-jj, the unordered pair of variables 
{qi , qj } is called the support of p and the automorphism m G 971+ is called the marker 
of /i. We denote them by supp/i and respectively. It follows from Theorem 13. II 
that any non-constant holomorphic map fi : f"(T^) — > \ {0} admits a unique 
representation in the form of a difference, that is, fi = em-ij for some uniquely 
defined m G 971+ and i,j G {1, . . . , 71}. 
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3.3. A simplicial structure on the set of differences. The set of all non- 
constant holomorphic maps of a complex space to a punctured torus carries a 
natural simplicial structure®. 

Definition 3.7. For a connected complex space Y, let L{Y) denote the set of all 
non-constant holomorphic maps ^: 1" — > \ {0}. For ii,v ^ L{Y), we say that v is 
a proper reminder of /i and write v \ ji — v £ L{Y). This relation is symmetric, 
i.e. I /i is equivalent to ^\ v. 

We define the graph V{Y) with the set of vertices L{Y) as follows: {/i, i^} is an 
edge connecting /i and v whenever /i | v. We denote by L^{Y) the flag complex of 
the graph T{Y). This means that a subset A™ — {/io, C LiY) is said to be 

an m-simplex in Li^{Y) if is an edge in T{Y) for all i ^ j, i.e. fit \ for 

ah i ^j. 

Lemma 3.8. Let f:Z^Y be a holomorphic map of connected complex spaces. 
Suppose that for each A G L{Y) the composition 

/*(A) = Ao/: ^T2\{0} (3.4) 

is non-constant. Then 

f*: L{Y) 3 Xo f e L{Z) (3.5) 

is a simplicial map whose restriction to any simplex A C L{Y) is injective. In 
particular, f* preserves dimension of simplices. 

Proof. For any A G L{Y), /*(A) is a non-constant holomorphic map to \ {0}; 
hence /*(A) e L{Z). If ^, e i(i^) and ^ | then X ^ fj, - u £ L{Y) and 
/*(/x) - /*(j.) = r{^l -v) ^ f*{X) e i(Z); consequently, /*(/.) | /*(;/). This 
implies that the map /* is simplicial and injective on any simplex. □ 

Remark 3.9. Condition /*(A) ^ const for aU A e L{Y) is certainly fulfilled for any 
regular dominant map /: Y ^ Z ol non-singular irreducible algebraic varieties. 

We need to study some properties of complexes Li^{Y) for the case when Y is an 
ordered configuration space of a torus. Notice that according to Theorem 13. II the 
set L(f "(T^)) coincides with the set of all differences on f "(T^). 

Lemma 3.10. Let {/zq, /x^} G La(^"(T^)) be an s-simplex. Then m^, = m^j^, 
#(supp /li n supp iJLj) = 1 for all i ^ j, and #(supp /xp Pi ■ • ■ n supp ^s) = 1- 

Proof. Let i ^ j and let fii = vai{qii — qi") and ~ ^j{qj' ~ Since /i^ | /ij, 

we must have /i^ — ^ij ~ m{qk' — qu") for some m G and k' ^ k" . Thus, 
"^4(94' — qi") "Qj") = Tn(9A;' —qk")- The latter relation can be fulfilled only 

if either miqi' — mjqj' = or miqi" — mjqj" = 0. This implies rrii = rrij and we have 

either i' = / or i" = j". (3.6) 

If s = 1 we have finished the proof If s > 2, then the property #(supp/ii n 
supp/ij) = 1 implies immediately that #(supp/xo n • ■ • flsupp/Xs) — 1. For s — 2 
we have 

^0 = m{qi> - qi") , Hi = m(gy - qj») , ^2 = m{qk' - qk") ■ 



'Compare to |3] 
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Since /io | /^i, Mi | M2 and /i2 | /io, we obtain that 

#(suppMo n supp^i) = #(suppMi n SUPPM2) = #(suppM2 n supp^o) = 1 ■ 

Let N — #(supp/io n supp/ii n supp/i2). Clearly < 1; let us show that N ^ 0. 
Suppose to the contrary that A'^ = 0. Relations H3.6|l apply to /io and /ii, and 
without loss of generality we can assume that i' — j' . For fii and /i2 the same 
relations tell us that either j' = k' or j" — k"; since = 0, the first case is 
impossible and we are left with j" = k" . Finally, we apply H3.6|l to /ig and /X2 and 
see that either i' = k' or i" = k", which leads to a contradiction and completes the 
proof. □ 

The S(n) action in ^"(T^) induces an S(n) action in ^(^"(T^)) defined by {aX){q) = 
X{a~^q). The latter action, in turn, induces a simplicial S(n) action in the complex 
La(^"(T^)) which preserves dimension of simplices; our nearest goal is to describe 
the orbits of this action. 

Definition 3.11. We define the following normal forms of simplices of dimension 
s > 0: {em;i,2, ■•■,em;i,s+2}, = {em;2,i) •■•:em;s+2,i}, where m £ 

these simplices are called normal. 

Lemma 3.12. For s > 0, there are exactly #971 orbits of the S{n) action on the set 
of all s-simplices.^ Every orbit contains exactly one normal simplex. 

Proof. Since em;a.b \ Cm-b.c, Lemma l3.10l imDlies that any s-simplex A G L^(C'"'{T'^)) 
is either of the form {em;a,bo^ ■■■,em-a,bA or of the form {em;6o,o, em;f,,,a} with some 
m G 371+ and distinct a, bo, ...,6s. An appropriate permutation a G S(n) carries A 
to a normal form. □ 

Corollary 3.13. dimLi,{£''{T'^)) = n - 2. 

3.4. Regular mappings £'"(T^) T^. The following lemma will be used in Sec- 
tion El 

Lemma 3.14. Let A : (T^)" ^ be a rational map. Then it is regular and there 

n 

are a holomorphic self-maps /xi, ...,M„ of such that A(gi, ...,qn) — J2 f^iili)- 

i=l 

particular, 

n 

A((?i, ...,g„) = ^ ^ fci,mmgi + c for aU (qi, ...,g„) G £"(T^) , 

1=1 m6OT+ 

where ki ^ £ ^ c G T^. 

Proof. The proof is by induction on n. For n = 1, A is a rational map of smooth 
projective curves. It extends to a regular map (see, for instance, |26| . Chapter II, 
Sec. 3.1, Corollary 1). By Claim B, the regular self-map A of is of the desired 
form. 

Assume that the theorem has already been proved for some n = to — 1 > 1. There 
is a subset S C (T^)'" of codimension 1 such that A is regular on (T^)™ \ S. Let 
{to,Zo) G (T^ X (T^)"-!) \ E and D be a small neighbourhood of zq in (T^)™"!. 
Without loss of generality, we may assume that tQ = and (0, z) ^ E for all z E D. 



^The number of S(n) orbits on the set of all 0-simplices is # SK/2. 
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For {t,z) e (T^ xL')\i;, set ^i{t, z) = A(t, 2) - A(0, z) and v{t,z) = n{t, z) ~ n{t, zq). 
For any z £ D, we have ^{0, z) — and hence the map t ^ i>{t, z) extends to a 
holomorphic endomorphism Vz of the torus T^; moreover, the endomorphism ly^^ 
carries the whole torus to the zero point £ . One can find a neighbourhood 
D' D oi zq and a compact subset K C T'^ x D such that for aU z E D' the 
intersection K n (T^ x {z}) is a union of two loops that do not meet S and generate 
the whole fundamental group of the torus x {z}. Moreover, since viT"^ x {zo}) = 
0, we may also assume that ) is contained in a small contractible neighbourhood 
of the zero point in T^. It follows that for any z € D' the endomorphism i/^ is 
contractible and hence trivial. Thus, for such z we have z) — fj,(t, zq) = 
and X{t,z) = A(0, z) + A(i, zq) — A(0,2o)- By the uniqueness theorem, the latter 
identity holds true on the whole of (T^ x (T^)™~^) \ S; the inductive hypothesis 
applies to A(0, z) and A(i, zq), which leads to the desired representation of A(t, z) 
and completes the proof. □ 

4. Holomorphic mappings of configuration spaces 

The main goal of this section is to prove the classification theorem 1 1.1 1 for holomor- 
phic endomorphisms of torus configuration spaces. We are proceeding according to 
the plan exposed in Introduction. 

4.1. Strictly equivariant mappings. A lifting / of a continuous self-map F of 
C"{X) to the covering £^{X) is equivariant, meaning that there is an endomorphism 
a of the symmetric group S(n) such that f{aq) = a{a)f{q) for all q G £"{X) and 
(T e S(n). We will see that a lifting of a non-abelian F has a stronger property 
defined below. 

Definition 4.1. A continuous map /: is said to be strictly equi- 

variant if there exists an automorphism a of the group S(n) such that 

fiaq) ^a{a)f{q) for aU q £ (X) and cr £ S(n) . (4.1) 

Theorem 4.2. a) For n > 4 any non-abelian continuous map F : C"(T^) C"(T^) 
admits a continuous lifting f: f"(T^) f"(T^) which fits in the diagram (11.11) . 

b) For n > A any continuous lifting f: £"(T^) — *■ f"(T^) of a non-abelian con- 
tinuous map F: C"(T2) C"(T2) is strictly equivariant. 

Proof. In view of the covering mapping theorem, (a) follows from Theorem ll.4l Let 
us prove (&). The diagram Hl.l|l for / and F leads to the algebraic commutative 
diagram 

1 ^7ri(£"(T2),Q°) 7ri(C"(T2),Q°) ^ S(n) ^ 1 

|/- \f, I a (4.2) 

l^^i(£"(T2),/(Q°))^^^i(C"(T2),/(g°))^-S(n) 1, 

which relates the final segments of the exact homotopy sequences of the coverings 
p in the left and right columns of Hl.l|) . The condition H4.1|l holds true with the 
endomorphism a that appears in H4.2|l . and we have only to show that this a is an 
automorphism whenever F* is non-abelian and n > 4. 

Suppose to the contrary that a is not an automorphism; then its image is a 
non-trivial quotient of S(n), which must be abelian since n > 4. In view of H4.2|l . 
the composition S o F* = a o S is abelian and, by Lemma [2. 31 F* itself is abelian, 
which contradicts our assumption. □ 
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The following lemma shows that the assertion of Lemma 13.81 holds true for every 
strictly equivariant map. 

Lemma 4.3. Let n > 2 and / = (/i, /„) : ^"(T^) ^ ^"(T^) be a strictly equi- 
variant holomorphic map. Then 

r : L{£'\T^)) 9 A ^ A o / e L(£:"(T2)) 

is a well-deGned simplicial map whose restriction to each simplex A C L(f"(T^)) 
is injective. Consequently, f* preserves dimension of simplices. 

Proof. In view of Lemma 13.81 we have only to prove that o / 7^ const for any 
H G L(f "(T^)). Suppose to the contrary that jjLo f = c€ T^. Then o /)(crg) = c 
for all a € S(n). Since / is strictly equivariant, there is a G Aut S(n) such that 
/(erg) = a{a-)f{q) for all cr e S{n) and q G so that c = ^(/(crg)) = 

By Theorem 13.11 /i = m(gi — (/j) for some distinct i,j and m G 97t; hence c = 
o = m{fi{q) — ,fj{q)). Since a is an automorphism and n > 2, there is 

a G S(n) such that a{a^^){i) — i and a(cr~-^)(j) = k ^ j; thus, for all g we have 

which is impossible. □ 

4.2. Proof of Theorem ll.il We shall prove two theorems, which together imply 
Theorem ll.il 

Theorem 4.4. For n > 4, every holomorphic non-abelian self-map F of C"(T^) is 
tame. 

Proof. By Theorems 11.41 and 14.21 the map F lifts to a strictly equivariant holomor- 
phic map / that fits to the commutative diagram 

£:»(T2) f"(T2) 

C"(t2) —5— C"(T2). 

Let a be the automorphism of S(n) corresponding to / (see Definition 14. 1|) . 

By Lemma [4. 31 /* is a dimension preserving simplicial self-map of iA(^"(T^)). 
Let Ai = {qi — q2, ...,qi — q-n} and A = /*(Ai). By Lemma [3.121 there exists a 
permutation a that brings A to its normal form; without loss of generality, we may 
assume that this normal form is Vm = {m{q2 — 91), ...,m{qn — f?i)}, where m G 971+ . 
Set f ^ f o cr] then 

f] = .fi+m{<li- Qj) : i = (4-3) 
Define the holomorphic map r: ^"(T^) Aut (T^) by the condition 
r(q)(z) = r((7i, ...,g„)(z) = -mz + {fi{q) + mqi) , 

where q = {qi,...,qn) G ^^"(T^) and z G T-^. Equations H4.3|l imply that T{q)qj = 
fj{aq) for all j = l,...,n and q = {qi,...,qn) G ^"(T^); thereby T{q)q = /(erg) = 
a{a)f{q), or, which is the same, f{q) — a{a^^)T{q)q for all q G ^"(T^). To 
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complete the proof, we must check that t is S(n)-invariant. For every s e S(rt) and 
all q € f"(T2) we have 

ST{sq)q = T{sq)sq ^ f{(Tsq) = a{as)f{q) 

— a(as)f{a(J^^q) — a{(Ts)T{a^^q)(T~^q = a{(Ts)a~^T{a~^q)q , 

which can be rewritten as 

Msg))-' ■ Tia-'q)]q = cja{s-^a-^)sq , (4.4) 

where {T{sq))~^ ■ T{a~^q) S Aut (T^) is the product in group Aut(T^). Let us 
notice that for n > 1 there is a non-empty Zariski open subset A C f"'(T^) such 
that if 6q = pq for some q <E A, 9 ^ Aut (T^) and p G S(n), then 9 = id and p = 1. 
Therefore, equation (|4.4(l implies T{sq) — T{a^^q) and (Ta{s^^(j^^)s = 1 for all 
q e A and all s G S(n). Since r is continuous, the first of these relations holds 
true for all q G ^"(T^) and aU s G S(n), which shows that r: ^"(T^) Aut (T^) 
is invariant^*'. □ 

Remark 4.5. Let n be either 3 or 4. The statement of Theorem 14.41 still holds 
true if we assume that the map F is an automorphism. The only changes we need 
to make in the proof are as follows: instead of our Theorem 14.21 we have to use 
Theorem 2 from which states that the pure braid group is a characteristic 
subgroup of the torus braid group; moreover, instead of Lemma 14.31 we should use 
Remark 13.91 from Section rOl The rest of the proof is the same. 

Remark 4.6. a) Let n > 2 and let F: C"(T2) ^ C"(T2) be a tame map. Then 
a morphism T: C"(T^) — > Aut in the 'tame representation' F = Ft of F is 
uniquely determined by F. Indeed, if Ft — Ft' for two morphisms T,T', then 
T{Q)Q = T'{Q)Q and (*) [T{Q)]-^T' {Q)Q = Q for aU Q G C"{T^). Furthermore, 
a torus automorphism is uniquely determined by its values at a generic pair of 
distinct points; since n > 2, the identity (*) shows that [T{Q)]^^T'{Q) = id for any 
generic point Q G C"(T^) and hence T{Q) = T'{Q) everywhere. 

h) In view of Theorem 14.41 (a) shows that for n > 4 any holomorphic non-abelian 
map F: C"(T^) — > C"(T^) admits a unique tame representation F = Ft and the 
morphism T is regular whenever F is so. Remark 14.51 shows that the uniqueness 
(and regularity) of T still hold true whenever n is 3 or 4 and _F is a (biregular) 
automorphism. 

Definition 4.7. The map 

C"(T2) 3 q = {gi, . . . , g„} ^ s{q) = (gi + • • • + g„) G 

is a locally trivial holomorphic fibring whose fibre Mq = s^^(O) is an algebraic 
variety. We refer to the variety Mq as the reduced configuration space. The pre- 
sentation of the fundamental group 7ri(Mo) found by O. Zariski jTl] shows that 
-ffi(Mo,Z) = 7j2n', Zariski called the group 7ri(Mo) the invariant subgroup of the 
group of motion classes of an elliptic Riemann surface. 

Let 7 : C ^ be the universal covering; then the mappings 

Mo X C 3 {q, C) ^ h{q, = {qi + 7(C), Qn + 7(0} £ C"(T2) , 

Mo X T2 9 {q, t) ^h{q,t) = {qi+t,..., g„ + t} E C'^T^) 



"'^'^We have also proved that a{s) = a ^scr 
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are holomorphic coverings, as well. 

The following theorem completes the classification of endomorphisms of torus con- 
figuration spaces. 

Theorem 4.8. Ifm > 2, then a holomorphic map F : C"(T2) ^ ^"(T^) is orbit-hke 
if and only if it is abelian. 

Proof. Let F be abelian. By the abelianization of defining relations (|2.2|l - H2.7|l . we 
see that Hi{C'{t^),Z) = B^iT^)/ B'^(T'^) = Z2 ©Z^. As it was already mentioned, 
S,„(T2) = 7ri(C"(T2)) has no torsion. It follows that ImF* is either or Z 
or trivial. Since 7ri(Mo)/(7ri(Mo))' = Z2„, there is no non-trivial homomorphism 
7ri(Afo) ^ Imi^*; that is, the homomorphism (F o /i)^ is trivial. This implies that 
there exists a holomorphic map / = (/i,. ..,/„) which fits to the commutative 
diagram 

Mo X C — ^ f"(T2) 



where h is defined in 14.511 . The homomorphism of the fundamental groups 
induced by / is trivial. Hence, for any j, the composition 

/, - fi = -qi)of: Mo X C ^ £"^{T^) \ {0} 

is contractible and lifts to a holomorphic map gj : Mq x C — > D = G C | |C| < 1} 
into the universal covering D of \ {0}. Since Mq x C is algebraic, the Liouville's 
theorem shows that gj — const and, thereby, fj — /i = const — cj G \ {0}. Thus, 
f{q) = (0 + fi{q), C2 + fi{q), ■■■,Cjn + fi{q)), which shows that / is orbit-like. 

Suppose now that F is orbit-like. To prove that F is abelian, it suffices to show 
that for any point q £ C"'(T^), the fundamental group of any connected component 
of the (Aut T^)-orbit Oq = (Aut T'^){q) is abelian. For m > 2, any component of 
Oq is diffeomorphic to the orbit O* of the action of in ^"(T^) by translations. 
The latter orbit O* is a quotient group of by a finite subgroup and hence is 
homeomorphic to T^. Thus, Tri{0*) = Z^. □ 

We conclude this section with two simple statements about abelian maps. 

4.3. Splitting of abelian maps. Up to a homotopy, any abelian map 

/: C"(T2) ^ C"(T2) 

splits to a composition gos oi the standard map s: C" (T^ ) — ^ , s{q) = qi + ... + qn, 
defined in Definition 14.71 and an appropriate continuous map .g: C™(T^). 
Thus, we obtain the commutative up to a homotopy diagram 

c«(t2) — i- — K c™(t2) 



T2. 

Indeed, let p: £"(T^) C"(T^) be the standard projection and 

7=(7W,a2,...,a„)c£"(T2) 

be a loop. The map sop carries 7 to the loop ^{t) + 02 + ■■■ + a„ in T^, which 
shows that (s op)* is an epimorphism. Therefore, is an epimorphism as well. 
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The homomorphism splits to a composition s* = </> o a, where a: i3„(T^) 
S„(T2)/[S„(T2),S„(T2)] = Z2 X Z2 ^ Z2 is the composition of the abehanization 
and the torsion ehminating map x Z2 — > Z^, and 0: Z^ — > Z^ is an epimorphism. 
Since every surjective endomorphism of Z^ is an isomorphism, it foUows that o 
= a. Since the map / is abehan there exists a homomorphism /3: Z'^ ^ _B„i(T^) 
such that = (3 o a. C™(T^) is a -?4r(7r, 1) space for tt = i?m(Tr^), which imphes 
that there is a continuous map g: — ^ C™(T^) such that = fi o <j)~^ . Clearly / 
is homotopic to g o s, which proves our statement. 

4.4. Holomorphic mappings C"(T^). 

Proposition 4.9. Any holomorphic map F: ^ C"(T^) carries to an orbit 
of the Aut action in C"(T2). 

Proof. F lifts to a holomorphic map / of the universal coverings and we have the 
commutative diagram 

c ^='^^'"-^"K £:"(t2) 

>- C" (T2) . 

Each fj maps C to and, for j > 1, fj — fi maps C to \ {0}. It follows that 
fj - /i = const = Cj e T2 \ {0} and / = (0 + /i, C2 + /i, . . . , c„ + /i). □ 

5. BiREGULAR AUTOMORPHISMS 

Here we describe all biregular automorphisms of the algebraic manifold C"(T^). 
Lemma 5.1. Any regular map R : C"(T^) is of the form 

^ A:„m(9i + .. . + g„) + c for aiig = {(?!,.. .,(7„}eC"(T2), 

wiiere fcm G Z and c e T^. 

Proof. Consider the map r = R o P, where p: £"{T'^) C"(T^) is the standard 

n 

projection. Bv Lemma l3.14l r(a) = ^ ^ fci^rntn^i + c. Since r must be invariant 

j=imGan+ 

under the 8(71) action, it follows that fci^rn = ••• = fcri,m = ^m- 

Thus, 

n 

r((ji, . . . ,gf„) = ^ ^ kmmqi + c^ ^ /cmiTi(gi + ••• + g«) + c 

i=l me£!3I+ mem+ 

and _R((3) = ^ A:mm(gi + ... + g„) + c. □ 

Theorem 5.2. For n > 2, any biregular automorphism F of C"(T^) is of tiie form 
F(Q) = AQ, where A e Aut T^. 

Proof. Since for n > 2 the group i3„(T^) is non-abelian, F is non-abelian. By 
Theorem 11.11 and Remark 14.61 from Section 14.21 there is a unique regular map 
T: C"(T2) ^ Aut T2 such that F{Q) ^ T{Q)Q for all Q G C"{T^). 

For any Q G C"(T^), T((3) is an automorphism of and, by Claim B in Section 
13.21 and Lemma [5. II it carries a point z e to the point 

T{Q)z = mQZ+ kmm{qi + ... + qn) + c, (5.1) 
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where mo G SOT, km G Z, and c G do not depend on z and Q. 

Recall that s{Q) — qi + ... + qn for Q — {gi, qn} and set si — s o F, that is, 

■siiQ) = (s o F){Q) = s(T(g)Q) - r(Q)gi + ... + r(g)Q„ . 

Usmg (|5.1|l for z = qi, g„, we see that 

si(Q) = mo(i?i + ... + 9„) + n( ^ fcmm((7i + ... + g„) + c) 

(5-2) 

= (mo + n 2_, fcmtn) ((71 + ... + g„) +nc. 

On the other hand, is a regular automorphism as well. By the same argu- 
ment, there is a unique regular T' : C"(T2) ^ Ant such that F-^{Q) = T'{Q)Q 
for Q G C"(T^). As above, we conclude that T'{Q) carries a point z G to the 
point 

T'(g)z = mJ,z+ k'^m{qi + ... + qn) + c , (5.3) 

where hIq G fc^^ G Z, and c' G do not depend on z and Q. Since si oF^^ = s, 
formulas l|5.2|l ~ H5.3|l imply 

<Zi+... + g„ = s{Q) = si(^^-i(Q)) = si({r'(Q)gi, ...,T'(g)<z„}) 

= (mo + n ^ fc„m)(r'(g)gi + ... + r'(g) 

n 

= (mo+n ^ fcmm)^(mogi+ ^ fc^„m(qi + ... + (?„)+ c') + nc. 

meOT+ i=l mGa'I+ 

By changing the order of the summation, we obtain 



= (mo + n ^ fcmm)(mo+n ^ fcj„m)((ji + ... + (7„) 

(5.4) 



+ n(mo + n ^ fcmm)c' + nc . 

m 

Since gi + ... + (7„ runs over the whole torus, 15.41) shows that the composition 
A = /ioi/ = i/o/_iof the torus endomorphisms ji: z ^ (mo + n ^ fcmm)z and 

mGOT+ 

z^: z I— > (mQ + n ^ fc^m)z is the identity automorphism. Hence /i and v are torus 

automorphisms sending to and, by Claim B, /i(z) = miz with some mi G 
Consequently, (mo — mi + rt ^ kmm)z = 0, i.e. mo — mi + n J2 kmxn = 0. 

Since n > 2 and elements of are linearly independent over Q, the latter cannot 
happen unless ^ ^miTi = 0. Therefore, T{Q)z = moz + c for all Q and z, which 

mGOT+ 

completes the proof. □ 
6. Configuration spaces of universal families 



Here we construct configuration spaces of the universal Teichmiillcr family of 
tori and describe their holomorphic self-maps. 
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The Teichmiiller space r(l,l) of tori with one marked point is isomorphic to 
the upper half plane H+. The group = Z x Z acts discontinuously and freely 
in the space V = T(l, 1) x C = IHI+ x C by weighted translations (r, z) t-^ {t,z + 
l + mr), {l,m) e H. Let V{l,l) = V/H] the map t/j: V ^ ^(1,1) is a covering 
and the holomorphic projection tt: ^(1, 1) IHI+ = T(l, 1) is called the universal 
Teichmiiller family of tori with one marked point (see ^27] . Sec. 4.11). All fibres 
it~^{t) are tori; each of them carries a natural group structure, marked points are 
neutral elements and form a holomorphic section of tt. 

Definition 6.1. Let C^'(T^(1,1)) be the complex subspace of the configuration 
space C\V{1,1)) of ^(1,1) consisting of all Q = e C"(y(l,l)) such 

that 7r((7i) — ... — 7r(g„). Define the holomorphic projection p: C"(y(l,l)) 
T(l,l) by p{Q) - 7r(gi) = ... = 7r(g„), Q = {91,.. .,<?„} G the 
triple {p,C;'(T^(l,l)),r(l,l)}, or simply p: C;'(F(1,1)) ^ T(l,l), is said to be 
the fibred configuration space of the universal Teichmiiller family tt: V^(1, 1) — > 
T(l,l). A fibred morphism of fibred configuration spaces is a holomorphic map 
F: C^{V{1, 1)) C™(y(l, 1)) which fits into the commutative diagram 

c(^(i,i)) — ^-^c™(ni,i)) 

\^ ^jy^ (6.1) 
r(i,i). 

One may similarly define the corresponding ordered fibred configuration spaces 
9: £^{V{1, 1)) —>■ r(l, 1) and their fibred morphisms. The fibred power 

9: {V{l,l))l^T{l,l) 

is defined by (F(l,l))? = {(<Zi, (/„) £ (V^(l, 1))" | ^qi) = - = ^(<Z„)} and 
9{qi,...,q„) = n{qi). The natural covering map fx: £^{V{1,1)) Q(F(1, 1)) 
is also a fibred morphism. The closed complex subspace S — {(qi, <7„) G 
{V{1, 1))^ I qi = ... = qn} of {V{1, 1))^ is called the small diagonal of the fibred 
power 9: (t/(l, 1))!^ 7(1,1); it is isomorphic to V(l,l). 

Remark 6.2. The map 

vI/ = (V.,...,V): (M+xC)«^(ni,l))" 

is a universal holomorphic covering and the preimage Vn — 5'^^((V^(1, 1))^) — 
{((n, zi), (r„, z„)) e (H+ X O" I n = ... = t„} of (1/(1, 1));^ c (T/(l, 1))" is iso- 
morphic to IHI+ xC", i.e., it is irreducible and non-singular. Since 5* is locally biholo- 
morphic, the space (V(l, 1))^ = VE'('P„) is irreducible and non-singular and the map 
^\-p„ : Vn {V{1, l)yi is a universal covering. The space £^^{¥{1, 1)) C (V(l, 1))'^ 
is the complement of a proper analytic subset of {V{1, 1))5J; hence £'"(F(1, 1)) is a 
connected complex manifold. Since p,: £^{V{1,1)) C^{V{1,1)) is a holomorphic 
covering, C"{V{1, 1)) also is a connected complex manifold. 

Notice that the preimage T = ^-'^{£^{V{1, 1))) of £UV{1, 1)) C (F(l, 1))^ is 
an open dense subset of Vn — IHI+ x C" and the maps T £^{V{1, 1)) and 

po'^\jr: JT^C" (y(l,l)) are holomorphic coverings. 

Definition 6.3. Let g: C^*(T/(1,1)) ^ ^^(1,1) be a fibred morphism. Any point 
Q G C^{V{1, 1)) belongs to a certain fibre p^^{t), which is the configuration space 
C"(7r~^(T)) of the torus — 7r~^(T); so Q may be viewed as an n-point subset 
of T^. Since 5 is a fibred morphism, g{Q) is a point of the same torus T^; thus. 



20 



Y. FELER 



Q + giQ) a-iid + g(Q) are well-defined n-point subsets of T^, or, which is the 
same, points of C"(T^) C C^^{V{1,1)). This provides us with two fibred maps 
G± = ±Id+5: C;?(T/(1, 1)) ^ C^iVil, 1)) defined by Q ^ ±Q + g{Q). 

Lemma 6.4. The fibred maps G± are holomorphic. 

Proof. There is a commutative diagram 




(6.2) 



where \ : U T is the pull-back of the covering ip : T(l, 1) x C ^ V^(l, 1) along the 
map g o (p: T ^ ^(1) 1) and r, as usual, is the restriction to U C T x T{1, 1) x C 
of the projection T x T(l, 1) x C ^ r(l, 1) x C. By the construction, /i is a fibred 
morphism. Since is a domain in T{1, 1) x C", it follows that A(u) = {p o ip o 
A(m), ^i(u), Zn{u)) for u € U, where for all i = 1, n the functions : W — > C 
are holomorphic. Denote the natural projection T(l, 1) x C ^ C by z. Define the 
map R = Id+h: U ^ Vni>y R{q) = {poipoX{u), zi{u) + z{h{u)), Zn{u) + z{h{u))) 
for q eU. Since ■(/'(p o </? o A(u), Zi{u)) ^ 'ip{p o ip o A(u), Zj{u)) for any u and 
« 7^ J, it follows that for all m^n ^T, we have Ziiu) — ^ m-\- np{p{X{u))) and 
-I- z{h{u))) — {zj{u) + z{h{u))) ^ m + np{p{\{u))); thus R{u) G T , that is, 
i?(Z^) C J^. Set R' = ip o R: U ^ QiV{l, 1)). 

Let us show that for u ^ {p o X)~^[Q) we have R'{u) — Q + g{Q) and the 
map i?' induces the well-defined single-valued fibred morphism which is equal to 
G+: Q{V{1,1)) Q{V{1,1)). Indeed, for u G (p o A)-i(Q) we have R{u) = 
{p{Q), zi{u) + z{h{u)), ...,Zn{u) + z{h{u))). Notice that for r G T(l, 1) and z, y G C 
we have 'ip{T,x + y) = iJj{t, x) + ipi^j y)i where the latter summation is the sum in 
the torus = tp^^ir). Let r — p{Q) and ( = z{h{u)). Therefore 

R'iu) = piR{u)) = p{-i'iR{u))) = Ai(*(T, z,{u) + C, + 0) 

= At(V'(T", Zl{u) + C), Zn{u) + 0) 

= Zl(u)) + tp{T, C), Zn{u)) + C)) 

= KlP{T, Zl{u)), -(/"(t, Z„(u))) + 1p{T, C) 

= Zliu)), (r, z„(u))) V(t, 0) 

= (^(t, z„(u)) 0) = Q + • 

The same argument shows that G_ = — Id +g is also holomorphic. □ 

Remark 6.5. Similarly to the Definition 16. 31 for any fibred morphism 

/ = (/!,...,/„): 

one can define fibred morphisms 

ld+f:£':{V{l,l))^{V{l,m 
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and 

^ld+f:£:{V{l,l))^iVil,im 
which take any point q ~ {qi, ...,qn) G £^{V{1, 1)) respectively to 

q + f{q) = {qi + .fi{q), 9n + fn{q)) E {V{1, 1))^ 

and to 

-q + fiq) = (-91 + fi{q), + /«(?)) e (^(i, 1))^ ■ 

The following theorem is an analogue of Theorem 11.11 for the case of the fibred 
morphisms. 

Theorem 6.6. Let n > A. For any Gbred non-abelian morphism F: C!^{V{1, 1)) 
C;'(y(l,l)), there is a fibred morphism g: C;'(y(l,l)) ^ 1) such that F is 
either Id +g or — Id + g. 

Proof. According to Theorem ll.il for any r £ r(l,l) there exists a unique holo- 
morphic map T^. : p~^{t) Aut 'k~^{t) such that F{Q) = Tr{Q)Q for any Q e 
p^^(r) C C^(y(l,l)). There are no complex multiplication on a generic torus. 
Thus, for any generic r e T(l, 1) and any Q G p~^(r), there exists Cr{Q) G tt~^{t) 
such that the automorphism Tr{Q) maps a point z € 'it~^{t) either to z + Cr{Q) 
or to — z + Cr(Q); notice that the representation is unique. By Baire Category 
Theorem, there exists an open set D C T{1, 1) and its dense subset D' C D such 
that either (*) for aU r G £)' we have Tr{Q) = z + Cr{Q) or for all t € D' 
we have Tt{Q) = —z + Ct{Q)- Without loss of generality, we may assume the 
case (**), that is, for all t E D' we have Tt{Q) — —z + Ct-(Q). By Theorem 11.41 
F: C^(y(l,l)) C"(V"(1,1)) can be hfted to a strictly equivariant fibred mor- 
phism /: £"^(^(1,1)) £"(V"(1,1)) commuting with S(?i)-action (see the end of 
the proof of Theorem 14. 4|) . The condition implies that the fibred morphism 
h = Id+/: £:;'(y(l,l)) ^ {V[\,\))l maps the set Q'^(p') C into the 

closed complex subspace 5* C (T^(l,l))" (see Definition I6.1|l . The morphism h is 
continuous and Q~'^{D') is dense in B~^[D), thus h{d-^{p)) C S. Since S'^iyiX, 1)) 
is irreducible (see Remark IH:^ . it follows that /i(£;'(y(l, 1))) Q S ^"(1,1). By 
the definition of /i, it commutes with S(n)-action, thus, h is S(n)-invariant and it 
induces a fibred morphism g : C"(y(l,l)) — + y(l, 1) with the desired properties. □ 

Remark 6.7. If F is an automorphism, the statement of the above theorem holds 
true for n = 3, 4. 
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